INTRODUCTION
There are many situations in which it is necessary to consider topological relations among one-dimensional objects that are homeomorphic to rings. The most significant examples are provided by long flexible polymers and biopolymers, whose trajectories may close themselves and form what in the polymer scientific literature are called catenanes [1]- [18] . The latter are able to entangle themeselves giving rise to complex links involving two or more interlocked chains. Additionally, each catenanae may be in the configuration of a nontrivial knot. Two cases of polymer links are shown in Fig. 1 . Besides polymers, other examples in which topological relations among a system of one-dimensional objects become relevant can be found in condensed matter physics (paths around defects in melted crystals) [19, 20] or in particle physics (loops in quantum gravity and the so-called hopfions) [21] [22] [23] . In order to specify the topological states of a given system of this kind one uses knots or link invariants.
In the following, we will be interested in the topological relations of a system of a linked FIG. 1: Entangled polymers rings P 1 and P 2 with linked trajectories C 1 and C 2 . In a) polymer P 2 is in a nontrivial knot configuration, while in b) both trajectories are unknots.
rings without taking into account the fact that these rings could be also in a nontrivial knot configuration as for example in Fig. 1 a) . For this reason, we will discuss here only link invariants.
It is well known that the correlation functions of the observables of a topological field theory are topological invariants. Moreover, the coefficients of the perturbative expansion of those correlation functions are topological invariants too. In practice, this means that to a finite set of Feynman diagrams it is possible to associate a given topological invariant. Our purpose is to solve the inverse problem. This means that, starting from a given topological invariant, we would like to obtain a topological field theory with a finite set of Feynman diagrams and a correlation function which is a function of that invariant. This is the program of topological engineering that has been stated in Ref. [24] . In the last few decades topological theories with the above characteristics have been extensively applied in the statistical mechanics of polymers, see for instance [9] - [17] and [24, 25] . The most popular approach used in order to distinguish the different topological configurations of the one-dimensional objects is based on the Gauss linking number (GLN). The corresponding topological field theory is an abelian BF model discussed in Ref. [26] . The goal of this work is to extend this approach based on the GLN to the case of polymer dynamics, in which the shape of the linked trajectories is not static, but changes in time.
THE TOPOLOGICAL ENGINEERING PROGRAM
The program of topological engineering in the case of links may be summarized as follows: 
Given a link invariant of this kind, find a topological field theory with observables
as the correlator of these observables
where S({φ}) is the action of a system and {φ} is a set of fields that can be scalars, An example of topological engineering is based on the GLN and the abelian BF field theory. The GLN is given by:
where x 1 (s 1 ) µ and x 2 (s 2 ) ν are spatial curves in three dimensions that represent respectively the closed trajectories C 1 and C 2 of two polymers P 1 and P 2 . The Greek indexes µ, ν, ρ = 1, 2, 3 denote the spatial components. Here s 1 and s 2 represent the arc-lengths on the curves C 1 and C 2 . s 1 and s 2 are defined in a such a way that 0 ≤ s 1 ≤ L and 0 ≤ s 2 ≤ L. To find a field theory which is associated to the invariant χ(C 1 , C 2 ), we rewrite (2) as follows
where
are called the bond vectors densities and
Let us note that G µν (x−y) coincides with the propagator of the abelian BF model discussed in Ref. [26] . To make the connection with the BF model even more explicit, we have introduced a new parameter κ, which will play later the role of the coupling constant of that model. Clearly, the addition of this parameter is irrelevant. As a matter of fact, the right hand side of Eq. (3) does not depend on κ. Now the quantity
can be regarded as the generating functional of a Gaussian field theory with propagator G µν (x − y) for the very special choice of currents (4). It is easy to recognize that the underlaying field theory is an Abelian BF model with action
It is possible to show that the abelian version of the BF model is actually equivalent to two Abelian C-S field theories. If we quantize the above topological field theory using the Lorentz gauge fixing, in which both fields A µ and B µ are completely transverse, we obtain the following relation
The above equation is the analog of Eq. (1) in the present case. There are just two observables O 1 and O 2 , namely the two Abelian Wilson loops given below:
THE CASE OF DYNAMICS
In this Section we would like to extend the program of topological engineering to the case of two trajectories whose configurations are changing during time. This problem is very important to study the dynamics of two entangled polymers. Once again, we choose the Gauss linking invariant in order to impose topological conditions on two closed trajectories C 1 and C 2 . The only difference from the previous static example is that now the curves x 1 and x 2 depend on time, i.e. x 1 = x 1 (t, s 1 ) and x 2 = x 2 (t, s 2 ). The GLN can still be defined, but will be a time dependent quantities:
Of course, if the trajectories would be impenetrable, then χ would be a constant, since it is not possible to change the topological configuration of a system of knots if their trajectories are not allowed to cross themselves. However, in the absence of excluded volume interactions models of polymer physics are phantom, i.e. crossings are allowed. For this reason, we will require that only the time average of the GLN is fixed. As a consequence, we will consider a time averaged version of the GLN on the time interval [0, t f ]:
Next, we generalize Eq. (6) to the case of dynamics. To this purpose, we introduce the following field theory
The above action differs from that of Eq. (7) by the addition of the fourth dimension represented by variable η, with −∞ < η < +∞. Note that S is not invariant under diffeomorphism on the whole dimensional space spanned by the coordinates x 1 , x 2 , x 3 and η, but only on its three dimensional spatial section. As a consequence, strictly speaking S does not describe a topological field theory. The propagator corresponding to the action (12) in the Lorentz gauge is given by
The analog of Eq. (6) is
The right hand side of Eq. (14) can be seen as the amplitude of the two observables
To prove Eq. (14) it is sufficient to perform the Gaussian integration in the fields A µ and B µ . The result of that operation is
Using the explicit expression of the propagator G µν (η, η ′ ; x, x ′ ) given in Eq. (13) it is possible to verify Eq. (14) after eliminating the spurious variables η, η ′ and x, x ′ :
exp − iλ 4π
The right hand side of above equation coincides with e −iλχ(C 1 ,C 2 ) . This completes our proof.
CONCLUDING REMARKS
In this work the program of topological engineering has been extended to the case of the dynamics of two polymer chains. In particular, the Gauss linking invariant has been considered. It has been shown that a time average version of this topological invariant can be reproduced from an amplitude of a field theory in the form of Eq. (1). This amplitude is given in Eq. (14) . Due to the fact that the conformations of the chains change during time, the underlying field theory is four dimensional and it is topological only with respect to diffeomorphisms of the spatial section of four dimensional space.
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